ABSTRACT This paper is devoted to studying the set stability and stabilization of switched Boolean networks (SBNs) with state-based switching using the semi-tensor product (STP) of matrices. First, the algebraic form of an SBN is obtained by STP. Then, a necessary and sufficient condition for set stability is presented for a given set and state-based switching matrix. In addition, state-based switching matrices are designed such that systems can be stabilized to a given set. The selection strategy for pinning nodes is also given, and pinning controllers are designed such that systems can achieve set stabilization via a state-based switching matrix. Finally, examples are provided to illustrate the effectiveness of the obtained results.
I. INTRODUCTION
Boolean networks with simple and effective representations were firstly proposed by Kauffman [1] to describe genetic regulatory networks. Since then, much attention has been paid to Boolean networks (BNs) to model neural networks [2] , nonlinear feedback shift registers [3] , [4] , and games [5] . The state of any node in a BN is quantized to one of two different values, 1 or 0, which represent active and inactive states, respectively. Moreover, the state evolution of every node is determined by logical rules. Over the years, several basic problems of BNs have been studied, including fixed points [6] and perturbation avalanches [7] . Rämö et al. [7] analyzed perturbation avalanches and their size distributions using gene knock-out experiments. Campbell and Albert [8] proposed a complementary approach in which key regulatory functions are altered to prevent BN damage by perturbing some nodes; this approach was later successfully applied to treat T-LGL leukemia.
Recently, Cheng et al. [9] proposed a more general multiplication called the semi-tensor product (STP) of matrices, which alters the analysis methods of BNs and Boolean control networks (BCNs). Using STP, a logical system can be converted into a corresponding discrete-time linear system, then many fundamental tools such as matrix and algebraic graph theories can be used to analyze BNs and BCNs. Therefore, great progress has been achieved over the past several years, such as controllability, stability, observability, synchronization, function perturbations, and disturbances decoupling were studied [10] - [23] . More details about the theory and applications of STP can be found in [24] and [25] .
In practice, stability and stabilization are basic and important issues in control theory. For example, in the process of disease treatment, a therapeutic intervention needs to be given such that the patient achieves a desirable state, i.e., the stabilization of BCNs. Therefore, many studies have addressed stability and stabilization in complex networks [26] - [31] . In this paper, we investigate a more general stability and stabilization called set stability and stabilization. In fact, several dynamics of biological networks are governed by different switching models. For example, cell growth and division in an eukaryotic cell can be described as four processes, which means that cell differentiation can be considered an SBN. Therefore, the study of SBNs has attracted much attention due to the great importance of SBNs. Switched systems have been widely investigated in complex networks [32] , neutral networks [33] and genetic regulatory networks [25] . In this paper, we consider a kind of state-based switching rather than arbitrary switching. Very few studies have addressed SBNs with state-based switching. Moreover, state-based switching makes the analysis of set stability and stabilization more difficult. To reduce the cost, pinning controllers can be designed such that systems achieve set stabilization. Pinning control has been applied in BNs to analyze controllability [34] , synchronization [35] , and stabilization [36] .
To the best of our knowledge, there are no results concerning set stability and stabilization of SBNs that have statebased switching. The contributions of this paper are given as follows:
• For a given state-based switching matrix H and set M, a necessary and sufficient condition is presented to analyze whether the system is M-stable under the statebased switching matrix H .
• For a given set M, a state-based switching matrix H is designed such that the system is M-stable under the state-based switching matrix H .
• Pinning controllers are designed such that for a given set M, the system is M-stable by under a state-based switching matrix. The rest of this paper is organized as follows. Section II introduces some preliminaries of the STP and other definitions that are used later. Section III investigates the set stability and stabilization of SBNs with state-based switching, followed by several examples that illustrate the obtained results. The last section concludes the paper.
II. PRELIMINARIES
First, we list some useful notations. Let matrix set M m×n be the set of m × n real matrices and n := {δ k n : 1 ≤ k ≤ n}, where δ k n is the kth column of identity matrix I n with dimension n. The matrix set B m×n stands for the set of Definition 1 [9] : The STP of two matrices A ∈ M m×n and B ∈ M p×q is defined as
where ⊗ is the Kronecker product and s = lcm(n, p) is the least common multiple of n and p. Note that the symbol is omitted when there is no confusion. (i.e., δ 1 2 and δ 2 2 are logical vectors of 1 and 0, respectively), then 2 ∼ D, and 2 n ∼ D n where '' ∼ " denotes two different forms of the same object. The following lemma is very important for obtaining algebraic expressions for logical functions.
Lemma 1 [9] : Consider logical function f (x 1 , x 2 , · · · , x n ) with logical variables x 1 , x 2 , · · · , x n ∈ D. There exists a unique matrix M f ∈ L 2×2 n called the structure matrix of f , such that
where
III. MAIN RESULTS

A. SET STABILITY OF SBNs
A general SBN with n nodes and w subnetworks is described as follows:
. . , w} is a switching signal that depends on states, and
, there exists a unique struc-
, system (3) can be described as follows:
Multiplying all equations in (4) together yields the following algebraic form:
∈ L 2 n ×2 n with * being the Khatri-Rao product [37] .
Identify that switching signal σ (X (t)) = i ∼ δ i w ∈ w , i ∈ [1, w] . Assume that the state-based switching matrix is denoted by H ∈ L w×2 n and satisfies
, then equation (5) can be rewritten as
×2 n is called the power reducing matrix. VOLUME 6, 2018 Let x(t; x(0); H ) be the state of system (3) at time t with initial state x(0) ∈ 2 n and state-based switching matrix H . Then, the definition of set stability is given as follows.
Definition 2 (Set Stability): Assume that the state-based switching matrix H is given, and let M be a subset of 2 n . System (3) is said to be M-stable under a given state-based switching matrix H , if for any initial state x(0) ∈ 2 n , there exists T (x(0)) such that
, then we can obtain the following result.
Theorem 1: Assume that M is a subset of 2 n . System (3) is M-stable under a given state-based switching matrix H if and only if the following two conditions are satisfied:
, it follows from (6) that
Since Condition I holds, for any state
which implies that set M is an invariant set. On the other hand, based on (6), one has that (3) is M-stable under a given state-based switching matrix H . The necessity is easy to prove, so we omit it here. Example 1: Consider the following SBN:
where X (t) = (x 1 (t), x 2 (t)), and σ (X (t)) :
Using the vector form of logical variables and letting x(t) = x 1 (t)x 2 (t), system (8) can be expressed as follows: 
Therefore, we can obtain the following result.
Theorem 2: Assume that set M is given. System (3) is M-stable by a state-based switching matrix, if and only if the following two conditions can be satisfied:
• Condition II. There exists an integer T ∈ n such that S T (M) = 2 n . If Condition I holds, then we have S k (M) ⊆ S k+1 (M). Therefore, 2 n can be represented as the union of disjoint sets
Based on Theorem 2 and equation (10), we can obtain the following result for the existence of the state-based switching matrix H .
Theorem 3: A state-based switching matrix H can be constructed such that system (3) is M-stable if and only if the conditions of Theorem 2 hold. Therefore, for any λ ∈ n , there exists a unique integer k λ ∈ [1, T ] such that δ λ 2 n ∈ S k λ (M) \ S k λ −1 (M), and then
Example 2: Consider the following SBN with two nodes and two subnetworks:
where X (t) = (x 1 (t), x 2 (t)), σ (X (t)) : D 2 → W = {1, 2} is the switching signal, and
Let x(t) = x 1 (t)x 2 (t). Then, based on Lemma 1, we can obtain that 
B. SET STABILIZATION OF SBNs BY PINNING CONTROL
Assume that the conditions of Theorem 2 do not hold, then for a given set M, system (3) is not M-stable via any statebased switching matrix. Now, we consider the following switched Boolean control network (SBCN) with m control inputs, n nodes and w subnetworks: (13) where U (t) = (u 1 (t), . . . , u m (t)).
Let x(t; x(0); H ; U ) be the state of system (13) at time t with initial state x(0) ∈ 2 n and state-based switching matrix H . We then present the definition of set stabilization.
Definition 3: (Set stabilization): Let M be a subset of 2 n . System (13) is said to be M-stabilizable under a state-based switching matrix H , if for any initial state x(0) ∈ 2 n , there exists a control sequence U andT (x(0), U) such that x(t; x(0); H ; U) ∈ M, for all t ≥T (x(0), U). (14) It can be observed from system (13) that each node is controlled by a series of controllers. In fact, not all of the nodes need controllers to be added; we only need to control some of the nodes to achieve set stabilization. In the following, the pinning-nodes selection strategy and pinning controllers will be presented.
Let
. Therefore,L is changed intoL , and we can obtain the following result.
Theorem 4: Consider system (3), and assume that set M is given. IfL is changed intoL , then the new system with transition matrixL is M-stable by a state-based switching matrix.
Proof: IfL is changed intoL , then we can obtain a new system with transition matrixL denoted by ( * ), and system ( * ) satisfies Theorem 2. Therefore, system ( * ) is M-stable. Moreover, it follows from Theorem 3 that there must exist a state-based switching matrix such that system ( * ) is M-stable.
Example 3: Consider the following SBN with three nodes:
(X (t)), (15) where
→ W = {1, 2} is the switching signal, and
Similarly, based on Lemma 1, we can obtain the algebraic expression of system (15) as follows:
where x(t) = 3 i=1 x i (t). Then, we have that Now, assume that M = {δ 1 2 3 , δ 5 2 3 }. We can derive that In the following, we should consider how pinning controllers are added to system (3) such that system (3) is converted into a system with the transition matrixL . Then, we need to study what kinds of pinning controllers should be designed. Suppose that f 1 1 (X (t)) and f w 2 (X (t)) are changed tō f
andf
respectively, where the logical functions
and M u 1 1 be structure matrices of logical functions ⊕ 1 1 and u 1 1 , respectively. Then, the right-hand side of (17) can be expressed as
, equation (19) can be rewritten asM
Fortunately, Li [36] proved that equation (20) Since the Boolean function f 1 1 is changed intof 1 1 , we have that
Therefore,M
Suppose that
,
By reduction, one has that
It can be learned from [36] that , respectively.
We can verify our results by numerical simulation. It can be learned from Example 3 thatŜ(M) = {δ 4 2 3 }, which means that there does not exist any state-based switching matrix such that system (15) is M-stabilizable by Theorem 3. Now, let u 1 = ¬x 1 ∧ x 2 ∧ x 3 , and let state-based switching matrix H = δ 2 3 [2 1 2 1 2 2 2 1]. Then, the trajectory of system (15) with initial state x(0) = δ 4 2 3 , as shown in Fig. 1 , can enter set M. Furthermore, we can verify that the trajectories of system (15) with the initial state x(0) ∈ 2 3 \δ 4 2 3 and statebased switching matrix H = δ 2 3 [2 1 2 1 2 2 2 1] will enter set M within three time steps. Therefore, based on Theorem 5, system (15) must be M-stabilizable by controller u 1 and state-based switching matrix H .
IV. CONCLUSIONS
In this paper, we have studied the set stability and stabilization of SBNs via STP. A necessary and sufficient condition for set stability has been presented for a given set and statebased switching matrix. Moreover, for a given set M, a statebased switching matrix was constructed such that systems are M-stable with unknown state-based switching matrices. Additionally, pinning controllers were designed to guarantee the set stabilization of SBNs. Finally, some numerical examples have been presented to illustrate the effectiveness of our results.
